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AN ELEMENTARY CONSTRUCTION OF ANICK’S FIBRATION
BRAYTON GRAY AND STEPHEN THERIAULT
Abstract. Cohen, Moore, and Neisendorfer’s work on the odd primary homotopy theory of
spheres and Moore spaces, as well as the first author’s work on the secondary suspension, predicted
the existence of a p-local fibration S2n−1 −→ T −→ ΩS2n+1 whose connecting map is degree pr .
In a long and complex monograph, Anick constructed such a fibration for p ≥ 5 and r ≥ 1. Using
new methods we give a much more conceptual construction which is also valid for p = 3 and r ≥ 1.
We go on to establish several properties of the space T .
1. Introduction
In [CMN1, CMN2, N1] Cohen, Moore, and Neisendorfer proved a landmark result concerning the
exponent of the homotopy groups of spheres localized at an odd prime p. When p ≥ 3 and r ≥ 1 they
constructed a map πn : Ω
2S2n+1 −→ S2n−1 such that the composition with the double suspension
Ω2S2n+1
pin−→ S2n−1
E2
−→ Ω2S2n+1
is homotopic to the pr-power map. The existence of such a map for r = 1 was used to show that pn
annihilates the p-torsion in π∗(S
2n+1) = 0.
In [CMN3], the authors raised the question of whether the map πn occurs in a fibration sequence
(A) Ω2S2n+1
pin−→ S2n−1 −→ T −→ ΩS2n+1.
The first construction of such a fibration was accomplished for p ≥ 5 by Anick [A] and was the
subject of a 270 page book. There has been much interest in finding a simpler construction. It is the
purpose of this paper to give an elementary construction of the space T and the fibration (A) which
is valid for all odd primes. The methods are new and have the advantage of being straightforward
and accessible to nonexperts. It is anticipated that they should be of use for other problems as well.
A comparison of our methods and Anick’s will be given once we state our results.
The question of the existence of a fibration as in (A) appeared in another context at about the
same time. In trying to understand the secondary suspension [C, M], the first author [G4, G5] was
led to conjecture the existence of (i−1)-connected spaces Ti which fit into secondary EHP sequences
T2n−1
E
−→ ΩT2n
H
−→ BWn
T2n
E′
−→ ΩT2n+1
H′
−→ BWn+1
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where BWn is the classifying space of the fiber of the double suspension constructed in [G3]. These
EHP fibrations should fit together in such a way that the resulting spectrum {Ti} is equivalent to
the Moore spectrum S0 ∪pr e
1. The Ti’s would then give a refinement of the secondary suspension
into 2p stages. The analysis indicated that T2n is homotopy equivalent to S
2n+1{pr}, the fiber of
the map of degree pr on S2n+1, and that T2n−1 would sit in the fibration sequence (A).
Our first objective is to construct a secondary Hopf invariantH : ΩS2n+1{pr} −→ BWn for p ≥ 3.
This lets us define T as the homotopy fiber of H . It follows easily that T satisfies the fibration in (A)
and the second EHP fibration. We also show that the space we construct is homotopy equivalent
to Anick’s when p ≥ 5.
The EHP viewpoint also predicted that the Ti’s should have a rich structure. They should be
homotopy associative and homotopy commutative H-spaces enjoying a certain universal property.
Together, these properties would imply that the mod-pr homotopy classes of the Ti’s could be rep-
resented by multiplicative maps. That is, letting P i(pr) be the mod-pr Moore space of dimension i,
there should be a one-to-one correspondence
[P i(pr), Tj]↔ {homotopy classes of H-maps from Ti to Tj}.
The properties were easy to establish when i is even [G4]. Subsequent to Anick’s work, Anick and
the first author [AG] constructed an H-space structure on T by showing that, for each n, there is a
(2n− 2)-connected co-H space G with the property that T is a retract of ΩG and G is a retract of
ΣT . They also proved a semi-universal property for T . The other properties were later established
by the second author [T2].
Our second objective is to take advantage of our construction of the space T to give a new, simpler
construction of the space G, and prove all the properties in [AG] for p ≥ 3. Collectively, our results
are as follows.
Theorem 1.1. Suppose p ≥ 3 and r ≥ 1. Then the following hold:
(a) there is an H-fibration sequence
Ω2S2n+1
pin−→ S2n−1 −→ T −→ ΩS2n+1
where the composition
Ω2S2n+1
pin−→ S2n−1
E2
−→ Ω2S2n+1
is the pr-power map;
(b) there is a fibration sequence
ΩG
h
−→ T −→ R −→ G
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where h has a right homotopy inverse g : T −→ ΩG so that
ΩG ≃ T × ΩR
with R a wedge of mod-ps Moore spaces for s ≥ r;
(c) the adjoint of g,
g˜ : ΣT −→ G,
has a right homotopy inverse f : G −→ ΣT and there is a homotopy equivalence
ΣT ≃ G ∨W
where W is a wedge of mod-ps Moore spaces for s ≥ r;
(d) there are “EHP fibrations”
Wn
P
−→ T2n−1
E
−→ ΩT2n
H
−→ BWn
Wn+1
P ′
−→ T2n
E′
−→ ΩT2n+1
H′
−→ BWn+1
where T2n = S
2n+1{pr}, T2n−1 = T , and there is an equivalence of spectra {Ti} ≃ S
0∪pr e
1.
Our methods are simpler and more direct than those of Anick. He constructed T as a retract of
a loop space ΩD, where D is an infinite dimensional CW -complex whose bottom two cells are the
mod-pr Moore space P 2n+1(pr) and whose other cells come from iteratively attaching certain Moore
spaces in a delicately prescribed fashion. A great deal of his effort was directed towards constructing
the attaching maps, and this necessitated the introduction of many new techniques. The restriction
to primes strictly larger than 3 was due to a heavy reliance on differential graded Lie algebras
which require that the primes 2 and 3 be inverted in order for the Lie identities to be satisfied.
By contrast, we construct the space T directly for all p ≥ 3 without reference to the space D and
without reference to differential graded Lie algebras. The main ingredient in this new construction
is an extension theorem (presented as Theorem 2.3). This allows for a straightforward extension of
the map Ω2S2n+1 −→ BWn constructed in [G3] to an EHP map H : ΩS
2n+1{p} −→ BWn.
The new methods may be useful in positively resolving a long-standing conjecture that the
fiber Wn of the double suspension is a double loop space at odd primes. Including dimension
and torsion parameters, the space T2np−1(p) gives a candidate for a double delooping: potentially
Wn ≃ Ω
2T2np−1(p). Such a homotopy equivalence would have deep implications in homotopy theory,
one of which being a much better understanding of the differentials in the EHP spectral sequence
calculating the homotopy groups of spheres.
This paper is the result of combining separate efforts by the two authors. The second author dis-
covered the extension theorem and obtained part (a) of Theorem 1.1 without the H-space structure,
as well as part (d). The first author later found a different application of the extension theorem to
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obtain a factorization of the map H , as well as a further application of the extension theorem to
obtain parts (b), (c), and the H-space structure.
2. The extension theorem
We begin by restating a theorem of the first author [G3] which identifies certain homotopy pull-
backs as homotopy pushouts. A homotopy fibration X −→ Q −→ A has a trivialization if there is a
homotopy equivalence Q ≃ A×X in which the map Q −→ A becomes the projection A×X
pi1−→ A.
Theorem 2.1. Suppose X −→ F ′ −→ E′ is a homotopy fibration and there is a map A −→ E′.
Let Q be the homotopy pullback
Q //

F ′

A // E′
and let E be the homotopy cofiber of A −→ E′. Then the homotopy fibration X −→ Q −→ A has a
trivialization if and only if there is a homotopy pullback
F ′ //

F

E′ // E
for some space F . Further, if the trivialization exists, there is a homotopy pushout
Q ≃ A×X //
pi2

F ′

X // F
where π2 the projection onto the second factor. 
There is a special case of Theorem 2.1 in the context of principal fibrations which is the key
tool used to construct T and prove Theorem 1.1. In general, suppose there is a homotopy fibration
sequence
ΩB
∂
−→ F −→ E −→ B.
Then there is a canonical homotopy action θ : F × ΩB −→ F satisfying homotopy commutative
diagrams
ΩB × ΩB
µ
//
∂×1

ΩB
∂

F × ΩB
θ
//
pi1

F

F × ΩB
θ
// F F // E
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where µ is the loop multiplication and π1 is the projection. Note that both squares are homotopy
pullbacks. Now suppose there is a homotopy cofibration A
b
−→ E′ −→ E. Define spaces Q and F ′
by the iterated homotopy pullback diagram
Q //

F ′ //

F

A
b
//

E′ //

E

B B B.
In particular, the map A −→ B is null homotopic as it factors through the middle row which consists
of two consecutive maps in a homotopy cofibration. So Q ≃ A×ΩB. This lets us apply Theorem 2.1
to see that there is a homotopy pushout
A× ΩB //
pi2

F ′

ΩB // F.
What we wish to do is choose a particular trivialization of Q which lets us identify the map A ×
ΩB −→ F ′.
The fact that there is some decomposition Q ≃ A× ΩB implies that we can choose a lift
a : A −→ F ′
of b. There may be many choices of a lift, but for the moment any choice suffices. The definition
of F ′ as a homotopy pullback results in a homotopy fibration sequence ΩB −→ F ′ −→ E′ −→ B.
This determines a homotopy action θ : F ′ × ΩB −→ F ′. Let θ be the composite
θ : A× ΩB
a×1
−→ F ′ × ΩB
θ
−→ F ′.
Proposition 2.2. Let F −→ E −→ B be a homotopy fibration and suppose there is a homotopy
cofibration A
b
−→ E′ −→ E. Define the space F ′ and the map θ as above. Then there is a homotopy
pushout
A× ΩB
θ
//
pi2

F ′

ΩB // F.
Proof. Consider the diagram
A× ΩB
a×1
//
pi1

F ′ × ΩB
θ
//
pi1

F ′

A
a
// F ′ // E′.
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The right square is a homotopy pullback as it is one of the canonical properties of the homotopy
action θ. The left square is a homotopy pullback by the naturality of the projection. So the outer
rectangle is also a homotopy pullback. Observe that the top row of the rectangle is the definition of θ
while the bottom row is the given map b by the definition of a as a lift. Thus if Q is the homotopy
pullback
Q
f
//
g

F ′

A // E′
then there is a homotopy equivalence e : A × ΩB −→ Q such that g ◦ e ∼ π1 – so the homotopy
fibration ΩB −→ Q −→ A has been trivialized – and g ◦ e ∼ θ. Therefore Theorem 2.1 implies the
existence of the asserted homotopy pushout. 
We now state Theorem 2.3, which uses Proposition 2.2 to construct an extension under certain
conditions. The conditions involve exponent information, so we first make two definitions. If A is a
co-H space, let pr : A −→ A be the map of degree pr. If Z is an H-space, let pr : Z −→ Z be the
pr-power map.
Theorem 2.3. Let
ΩB // F ′ //

E′ //

B
ΩB // F // E // B
be a homotopy fibration diagram and suppose there is a homotopy cofibration A
b
−→ E′ −→ E where
A is a suspension. Observe that the map b lifts to F ′; suppose there is a choice of lift a : A −→ F ′
with the property that Σa ∼ t ◦ pr for some map t. Suppose there is a map f ′ : F ′ −→ Z where Z is
a homotopy associative H-space whose pr-power map is null homtopic. Then there is an extension
F ′
f ′
//

Z
F
f
// Z
for some map f .
Before beginning the proof, we state a Theorem of James [J] and prove two preliminary Lemmas.
If X is a space, let E : X −→ ΩΣX be the suspension.
Theorem 2.4. Let X be a path-connected space and Z be a homotopy associative H-space. Let
f : X −→ Z be a map. Then there is a unique H-map f : ΩΣX −→ Z such that f ◦ E ∼ f . 
AN ELEMENTARY CONSTRUCTION OF ANICK’S FIBRATION 7
We say that f is the multiplicative extension of f .
To prepare for Lemmas 2.5 and 2.6 we establish some notation. Let X and Y be spaces. Let
i1 : X −→ X × Y and i2 : X −→ X × Y be the inclusions, and let π1 : X × Y −→ X and
π2 : X × Y −→ Y be the projections. It is well known that there is a natural homotopy equivalence
e : ΣX ∨ ΣY ∨ (ΣX ∧ Y ) −→ Σ(X × Y )
such that the restrictions of e to ΣX and ΣY are Σi1 and Σi2, and Σπ1 ◦e and Σπ2 ◦e are homotopic
to the pinch maps onto ΣX and ΣY . There may be many choices of such a homotopy equivalence;
any fixed choice will do. Let j be the restriction
j : ΣX ∨ (ΣX ∧ Y ) →֒ ΣX ∨ ΣY ∨ (ΣX ∧ Y )
e
−→ Σ(X × Y ).
Lemma 2.5. Let Z be a homotopy associative H-space. Suppose there is a map f : X × Y −→ Z
whose multiplicative extension f : ΩΣ(X × Y ) −→ Z has the property that the composite
X ∨ (X ∧ Y )
E
−→ ΩΣ(X ∨ (X ∧ Y ))
Ωj
−→ ΩΣ(X × Y )
f
−→ Z
is null homotopic. Then there is a homotopy commutative diagram
ΩΣ(X × Y )
f
//
ΩΣpi2

Z
ΩΣY
fY
// Z
where fY is the multiplicative extension of fY : Y
i2−→ X × Y
f
−→ Y .
Proof. Consider the diagram
ΩΣ(X ∨ Y ∨ (X ∧ Y ))
Ωe
//
ΩΣq

ΩΣ(X × Y )
f
//
ΩΣpi2

Z
ΩΣY ΩΣY
fY
// Z
where q is the pinch map. By definition of e, we have Σπ2 ◦ e ∼ Σq, so the left square homotopy
commutes. The assertion of the Lemma is that the right square homotopy commutes as well. As e is
a homotopy equivalence, it is equivalent to show that the outer rectangle homotopy commutes. Since
all maps are multiplicative and Z is homotopy associative, Theorem 2.4 implies that it is equivalent
to show that f ◦Ωe ◦E ∼ fY ◦ΩΣq ◦E, where E : X ∨Y ∨ (X ∧Y ) −→ ΩΣ(X ∨Y ∨ (X ∧Y )) is the
suspension. By hypothesis and the naturality of E, the restriction of f ◦Ωe◦E to X∨(X∧Y ) is null
homotopic, so f ◦Ωe◦E factors as the composite X ∨Y ∨ (X ∧Y )
q
−→ Y
fY
−→ Z. On the other hand,
as fY is the multiplicative extension of fY , we have fY ◦E ∼ fY . The naturality of the suspension
therefore implies that fY ◦ΩΣq ◦E ∼ fY ◦E ◦ q ∼ fY ◦ q. Hence f ◦Ωe◦E ∼ fY ◦ q ∼ fY ◦ΩΣq ◦E,
as required. 
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Lemma 2.6. Let ΩB
∂
−→ F −→ E −→ B be a homotopy fibration sequence and let θ : F×ΩB −→ F
be the associated homotopy action. Suppose A is a suspension and there is a map a : A −→ F such
that Σa ∼ t ◦ pr for some map t. Let θ be the composite
θ : A× ΩB
a×1
−→ F × ΩB
θ
−→ F.
Suppose there is a map f : F −→ Z where Z is a homotopy associative H-space whose pr-power
map is null homotopic. Then there is a homotopy commutative diagram
A× ΩB
θ
//
pi2

F
f

ΩB
f◦∂
// Z.
Proof. First suspend and look at Σ(a× 1). Consider the diagram
ΣA ∨ (ΣA ∧ ΩB)
Σpr∨(Σpr∧1)
// ΣA ∨ (ΣA ∧ ΩB)
t∨(t∧1)

ΣA ∨ (ΣA ∧ ΩB)
Σa∨(Σa∧1)
//
j

ΣF ∨ (ΣF ∧ ΩB)
j

Σ(A× ΩB)
Σ(a×1)
// Σ(F × ΩB).
The top square homotopy commutes by the hypothesis that Σa ∼ t ◦ pr. The bottom square
homotopy commutes by the naturality of the map j.
Looping this diagram and using the naturality of the suspension, we obtain a homotopy commu-
tative diagram
(1)
A ∨ (A ∧ ΩB)
pr∨(pr∧1)
//
E

A ∨ (A ∧ ΩB)
E

ΩΣ(A ∨ (A ∧ ΩB))
ΩΣ(pr∨(pr∧1))
//
Ωj

ΩΣ(A ∨ (A ∧ ΩB))
Ω(j◦(t∨(t∧1)))

ΩΣ(A× ΩB)
ΩΣ(a×1)
// ΩΣ(F × ΩB).
Let φ = Ω(j ◦ (t ∨ (t ∧ 1))) ◦ E ◦ (pr ∨ (pr ∧ 1)) be the upper direction around (1), and let ϕ =
ΩΣ(a × 1) ◦ Ωj ◦ E be the lower direction around (1). So φ ∼ ϕ. Now compose to Z as follows.
By hypothesis, Z is homotopy associative, so by Theorem 2.4 the identity map on Z extends to an
H-map r : ΩΣZ −→ Z such that r ◦ E ∼ 1. Define γ by the composite
γ : ΩΣ(F × ΩB)
ΩΣθk−1
−−−−→ ΩΣF
ΩΣf
−−−−→ ΩΣZ
r
−−−−→ Z.
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Observe that γ ◦ φ is an element of
N = [A ∨ (A ∧ΩB), Z]
which is divisible by pr. Here, the group structure on N is determined by A ∨ (A ∧ ΩB) being
a suspension. As Z is homotopy associative, this group structure on N is equivalent to the one
determined by the H-structure on Z. By hypothesis, the pr-power map on Z is null homotopic, and
so N has exponent pr. Thus γ ◦ φ is null homotopic, and so γ ◦ ϕ is null homotopic.
Now we set up to apply Lemma 2.5. Consider the diagram
A× ΩB
a×1
//
E

F × ΩB
θ
//
E

F
f
//
E

Z
E
 D
DD
DD
DD
DD
ΩΣ(A× ΩB)
ΩΣ(a×1)
// ΩΣ(F × ΩB)
ΩΣθ
// ΩΣF
ΩΣf
// ΩΣZ
r
// Z.
The three squares homotopy commute by the naturality of E. The right triangle homotopy commutes
by the definition of r. So the entire diagram homotopy commutes. Let g = f ◦ θ ◦ (a × 1) be the
composite along the top row, and let g = r ◦ ΩΣf ◦ ΩΣθ ◦ ΩΣ(a × 1) be the composite along
the bottom row. Observe that g is an H-map as it is the composite of H-maps, and g ◦ E ∼ g.
Thus g is the multiplicative extension of g. Further, by their definitions, g = γ ◦ ΩΣ(s × 1) and
ϕ = ΩΣ(s× 1) ◦ Ωj ◦ E, so the null homotopy for γ ◦ ϕ implies that the composite
A ∨ (A ∧ΩB)
Ωj◦E
−−→ ΩΣ(A× ΩB)
g
−−→ Z
is null homotopic. Therefore, by Lemma 2.5, there is a homotopy commutative square
ΩΣ(A× ΩB)
g
//
ΩΣpi2

Z
ΩΣΩB
h
// Z
where h is the multiplicative extension of
h : ΩB
i2−→ A× ΩB
g
−→ Z.
Finally, the previous square and the naturality of the suspension give a homotopy commutative
diagram
A× ΩB
E
//
pi2

ΩΣ(A× ΩB)
g
//
ΩΣpi2

Z
B
E
// ΩΣΩB
h
// Z.
Since g and h are the multiplicative extensions of g and h respectively, we have g ◦ E ∼ g and
h ◦ E ∼ h, and so the homotopy commutativity of the diagram implies that g ∼ h ◦ π2. Now we
untangle definitions. By their definitions, g = f ◦ θ ◦ (a × 1) and θ = θ ◦ (a× 1). So g ∼ f ◦ θ. By
their definitions, h = g ◦ i2 and g = f ◦ θ ◦ (a× 1). The definition of θ as a homotopy action implies
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that θ ◦ (a × 1) ◦ i2 ∼ ∂. Thus h ∼ f ◦ ∂. Hence f ◦ θ ∼ f ◦ ∂ ◦ π2, precisely as asserted by the
Lemma. 
Proof of Theorem 2.3: The given diagram of principal fibrations and homotopy cofibration let us
apply Proposition 2.2 to obtain a homotopy pushout
A× ΩB
θ
//
pi2

F ′

ΩB // F.
Since A is a suspension, the lift A
a
−→ F ′ has the property that Σa ∼ t ◦ pr, and Z is a homotopy
associativeH-space whose pr-power map is null homotopic, we can apply Lemma 2.6 to the homotopy
fibration sequence ΩB −→ F ′ −→ E′ −→ B and the given map F ′
f ′
−→ Z in order to obtain a
homotopy commutative diagram
A× ΩB
θ
//
pi2

F ′
f ′

ΩB // Z.
Therefore there is a pushout map f : F −→ Z with the property that the composite F ′ −→ F
f
−→ Z
is homotopic to f ′, as required. 
3. The construction of the space T
The purpose of this section is to construct the spaces T and produce several fibration sequences.
We begin our discussion with the Moore space
P k(pr) = Sk−1 ∪pr e
k
which we will abbreviate as P k. Let us fix some notation by defining a diagram of fibration sequences
induced by the lower right hand corner
(B)
Ω2S2n+1
∂
//

E
pi
//
σ

F //

ΩS2n+1

∗ //

P 2n+1

P 2n+1 //

∗

ΩS2n+1 // S2n+1{pr} // S2n+1
pr
// S2n+1.
The spaces E and F were first introduced in [CMN2, CMN1]. It is easy to see that
Hi(F ) =


Z i = 2kn
0 i 6= 2kn
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and the fibration connecting map ΩS2n+1 −→ F is divisible by pr in each nonzero degree in integral
cohomology. In their work [CMN2], the authors introduced certain maps xi : P
2ni−1 −→ ΩF whose
adjoints x˜i : P
2ni −→ F induce epimorphisms in integral cohomology. For each i > 1, xi is a relative
Samelson product, so the composition
P 2ni
x˜i−→ F −→ P 2n+1
is an iterated Whitehead product. Since S2n+1{pr} is an H space, these classes lift to E, giving
diagrams
P 2ni
yi
//
x˜i

E
σ

F // P 2n+1
for some maps yi. In particular, πyi − x˜i : P
2ni −→ F composes trivially to P 2n+1 and so factors
through ΩS2n+1. Thus the induced homomorphism in 2ni dimensional cohomology is divisible by pr
and hence trivial. Consequently, we obtain the following.
Lemma 3.1. The composite H2ni(F )
pi∗
−→ H2ni(E)
y∗i−→ H2ni(P 2ni) is an epimorphism for
each i > 1. 
We require one more lemma to apply the results of Section 2.
Lemma 3.2. Suppose X is 2-connected and M is either a sphere or a Moore space. Let f : ΣM −→
X be given. Define A by the cofibration sequence
M
ps
−→M
i
−→ A
j
−→ ΣM.
Suppose there is a commutative diagram
ΣA
Σj
//
x

Σ2M
X ∪f CΣM
ρ
// Σ2M
for some map x, where ρ is the quotient map. Then there is a commutative diagram
ΣM
Σi
//
x′

ΣA
x

X // X ∪f CΣM
for some map x′, and f is homotopic to ps · x′.
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Proof. Consider the standard map from a cofibration sequence to a fibration sequence defined by
the right hand square
ΣM
ps
//
x′′

ΣM
Σi
//
x′

ΣA
Σj
//
x

Σ2M
J(ΣM) // J(X,ΣM) // X ∪f CΣM
ρ
// Σ2M.
Here J(ΣM) is the James construction and J(X,SM) is the fiber of ρ [G2]. The map x′′ is the
adjoint to the identity for an appropriate choice of x′. Suppose ΣM has dimension k. Since X
is 2-connected, the k + 1 skeleton of J(X,ΣM) is X and x′ factors through X up to homotopy.
Since x′′ factors through ΣM as well we have a homotopy commutative square
ΣM
ps
// ΣM
x′

ΣM
f
// X
which proves the Lemma. 
We apply these results as follows. Let F(i) be the 2ni skeleton of F , so
F(i) = F(i−1) ∪γi e
2ni
where γi is the attaching map. Now combining 3.1 and 3.2 with M = S
2ni−2, X = F(i−1), f = γi,
s = r, and x = πyi we obtain the following.
Corollary 3.3. For each i > 1 we have a homotopy commutative diagram
S2ni−1
pr
// S2ni−1
δi

S2ni−1
γi
// F(i−1)
where δi satisfies a homotopy commtutative diagram
S2ni−1 //
δi

P 2ni // E
pi

F(i−1) // F.

We now set up to apply Theorem 2.3. Define the space E(i) as the homotopy pullback
E(i) //

E
pi

F(i) // F.
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Observe that there is a homotopy pullback diagram
Ω2S2n+1 // E(i−1) //

F(i−1) //

ΩS2n+1
Ω2S2n+1 // E(i) // F(i) // ΩS2n+1.
By the definition of F(i) there is a homotopy cofibration S
2ni−1 γi−→ F(i−1) −→ F(i). Thus γi lifts
to E(i−1). A lift can be chosen which is divisible by p
r. Specifically, by Corollary 3.3, γi ∼ δi ◦ p
r.
Moreover, S2ni−1
δi−→ F(i−1) composed to F factors through E
pi
−→ F . Thus there is a pullback map
y¯i : S
2ni−1 −→ E(i−1) such that the composite S
2ni−1 y¯i−→ E(i−1) −→ F(i−1) is homotopic to δi.
Hence a = y¯i ◦ p
r is a lift of γi. Theorem 2.3 now immediately implies the following.
Theorem 3.4. If Z is a homotopy associative H space whose pr-power map is null homotopic, then
for i > 1 any map E(i−1)
φ
−→ Z extends to a map φ : E(i) −→ Z. 
In [G3], a classifying space BWn of the fiber of the double suspension was constructed, along with
a fibration sequence
S2n−1
E2
−→ Ω2S2n+1
ν
−→ BWn.
Corollary 3.5. There is a map νE : E −→ BWn such that the composition
Ω2S2n+1
∂
−→ E
νE
−→ BWn
is homotopic to ν.
Proof. Since F(1) = S
2n, we have the fibration
Ω2S2n+1 −→ E(1) −→ S
2n −→ ΩS2n+1.
This fibration was analyzed in [G3] and it was shown that E(1) ≃ S
4n−1 × BWn in such a way
that the composition
Ω2S2n+1
∂
−→ S4n−1 ×BWn
pi2−→ BWn
is homotopic to ν. It was also shown that for p ≥ 5 BWn is a homotopy associative H space. The
H space structure on BWn was shown to be homotopy associative for p = 3 and that the p
th-power
map on BWn is null homotopic in [T5]. Thus for i > 1 we can apply Theorem 3.4 to construct maps
νi : E(i) −→ BWn by induction such that νi∂i ∼ ν. Since E = ∪E(i), we define ν
E : E −→ BWn by
νE | Ei = νi. 
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Theorem 3.6. There is a diagram of fibrations
S2n−1 //
i

Ω2S2n+1
ν
//
∂

BWn
R0 //

E
νE
//

BWn
F F
with i null homotopic and so ΩF ≃ S2n−1 × ΩR0.
Proof. The space R0 is defined as the fiber of ν
E . Since the fibration
Ω2S2n+1
∂
−→ E −→ F
is induced by a map to ΩS2n+1 which induces an isomorphism in H2n( ), the map ΩF −→ S
2n−1
induces an isomorphism in H2n−1( ) and hence has a right homotopy inverse. 
It is worth noting at this point that the space ΩR0 is split in [CMN1]; there is a homotopy
decomposition
ΩR0 ≃
∏
i≥1
S2np
i−1{pr+1} × ΩP (n, r)
where P (n, r) is a complicated wedge of mod-pr Moore spaces. The fact that the product on the
right is a loop space and is mapped to ΩF by a loop map is not obvious from their analysis. The
structure of R0 is rather simple.
Proposition 3.7. We have
Hm(R0) =


Z/pri if m = 2ni
0 otherwise.
Furthermore, there is a choice of generators ei ∈ H
2mi(X) such that eiej = p
r
(
i+j
i
)
ei+j.
Proof. Apply the Serre spectral sequence to the fibration S2n−1 −→ R0 −→ F in Theorem 3.6. 
We now construct the space T in Theorem 1.1 and prove the existence of the fibrations in parts (a)
and (d), leaving the H-structure to the next section. By Diagram (B) there is a fibration sequence
ΩS2n+1{pr}
τ
−→ E
σ
−→ P 2n+1 −→ S2n+1{pr}. Define H by the composition
H : ΩS2n+1{pr}
τ
−→ E
νE
−→ BWn.
Note that H can be regarded as a secondary Hopf invariant. Define T as the homotopy fiber of H .
Then Theorem 3.6 implies the following.
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Theorem 3.8. There is a diagram of fibrations
T //

ΩS2n+1{pr}
H
//
τ

BWn
R0 //

E
νE
//
σ

BWn
P 2n+1 P 2n+1.

The connecting maps for the vertical fibrations in Theorem 3.8 immediately give the following.
Corollary 3.9. There is a homotopy commutative diagram
ΩP 2n+1

ΩP 2n+1

T // ΩS2n+1{pr}
where the right map is the loop of the inclusion of the bottom Moore space. 
Continuing the diagram in (B), we have
Ω2S2n+1
ρ
// ΩS2n+1{pr}
τ

Ω2S2n+1
∂
// E.
Observe that Hρ ∼ νEτρ ∼ νE∂ ∼ ν. Theorem 3.8 therefore implies the following.
Theorem 3.10. There is a diagram of fibrations
Ω2S2n+1
pin

Ω2S2n+1
pr

S2n−1
E2
//

Ω2S2n+1
ν
//
ρ

BWn
T //

ΩS2n+1{pr}
H
//

BWn
ΩS2n+1 ΩS2n+1.

In particular, the top square in Theorem 3.10 is Cohen, Moore, and Neisendorfer’s factorization
of the pr-power map on Ω2S2n+1. Since πn has degree p
r, we have the following corollary.
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Corollary 3.11. There is a homotopy commutative diagram
S2n−1
pr
//

S2n−1

Ω2S2n+1
pr
//
pin
88rrrrrrrrrr
Ω2S2n+1
for each r ≥ 1. 
4. The construction of G and the H-space structure on T
In this section we construct an H-space structure on T . In fact we do more than that. We
construct a corresponding co-H space G in the sense of [G7]; i.e., we construct a (2n− 2)-connected
space G and maps
f : G −→ ΣT
g : T −→ ΩG
h : ΩG −→ T
such that the compositions
G
f
−→ ΣT
g˜
−→ G
T
g
−→ ΩG
h
−→ T
are homotopic to the identity, where g˜ is the adjoint of g. We go on to derive several interesting
results from this structure.
We will write Tm for the m-skeleton of T . We will also reintroduce the torsion parameter for
Moore spaces as we will need to consider mod-ps Moore spaces Pm(ps) for s 6= r. The space G will
be filtered by subcomplexes Gk which will be constructed inductively starting with G−1 = ∗. We
will construct a map
αk : P
2npk(pr+k) −→ Gk−1
and define Gk as the mapping cone of αk.
The induction proceeds through 14 steps for each k, and we collect some information outside of
the induction first.
Proposition 4.1. As an algebra, H∗(T ;Z/p) is generated by classes u of dimension 2n− 1 and vi
of dimension 2npi for each i ≥ 0 subject to the relations vpi = 0 and u
2 = 0. For each i define
ui = uv
p−1
0 v
p−1
1 . . . v
p−1
i−1
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Then β(r+i)ui = vi. As a vector space H˜
∗(T ;Z/p) is generated by classes v(m) of dimension 2mn
and u(m) of dimension 2mn− 1 for each m ≥ 1 where
v(m) = vess . . . v
et
t = β
(r+s)u(s)
u(m) = usv
es
s v
es+1
s+1 . . . v
et
t
and m =
∑t
i=s eip
i, 0 ≤ ei < p, es 6= 0.
Proof. We apply the Serre spectral sequence for the cohomology of the fibration
S2n−1 −→ T −→ ΩS2n+1
Using Z/p coefficients we see that
H∗(T ;Z/p) ∼= H∗
(
S2n−1;Z/p
)
⊗H∗
(
ΩS2n+1;Z/p
)
as algebras. Using integer coefficients we see that ν(m) is the reduction of a class of order pr+s so
v(m) = β(r+s)u(s) 6= 0. We define vs = β
(r+s)us. 
Note that dually the homology of T has a very simple description. There is a Hopf algebra
isomorphism
H∗(T ) ∼= Λ(u¯)⊗ Z/pZ[v¯]
where u¯ and v¯ are dual to u and v respectively, and the dual Bocksteins are determined by β(r+i)v¯p
i
=
u¯v¯p
i−1 for i ≥ 0.
Anick [A] introduced the notation Wba for the class of all spaces that are locally finite wedges of
mod-ps Moore spaces for a ≤ s ≤ b. Note that any simply connected Moore space is a suspension,
so any simply connected space in Wba is a suspension. Recall that the smash of two Moore spaces is
homotopy equivalent to a wedge of Moore spaces: if s ≤ t then there is a homotopy equivalence
Pm(ps) ∧ Pn(pt) ≃ Pm+n(ps) ∧ Pm+n−1(ps).
In particular, Wba is closed under smash products. Recall also that any retract of a wedge of Moore
spaces is homotopy equivalent to a wedge of Moore spaces, so Wba is closed under retracts.
Lemma 4.2. Suppose W ∈ Wba is simply connected and f : P
k(pt) −→W is divisible by pb.
(a) Write W = W1 ∨W2 with W1 ∈ W
b−1
a and W2 ∈ W
b
b . Then f factors through W2 up to
homotopy.
(b) Suppose in addition that W2 is (d− 1) connected and k < pd. Then f ∼ ∗.
Proof. Since W is a wedge, there is a homotopy equivalence ΩW = ΩW2 × Ω(W1 ⋊ ΩW2) (see, for
example, [G1]). Since W1,W2 ∈ W
b
a, both spaces are suspensions, and we can write W1 = ΣW 1 and
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W2 = ΣW 2. Since W1 is a suspension, we haveW1⋊ΩW2 ≃W1 ∨ (W1 ∧ΩW2). For the right wedge
summand, the James splitting of ΣΩΣX as
∨
ΣX(i) gives
W1 ∧ ΩW2 ≃ ΣW 1 ∧ΩΣW 2 ≃W 1 ∧
(∨
ΣW
(i)
2
)
.
Combining, we have
W1 ⋊ ΩW2 ≃W1 ∨
(
W1 ∧
(∨
W
(i)
2
))
.
In particular, since Wba is closed under smash products, we have W1 ⋊ ΩW2 ∈ W
b
a. Applying the
Hilton-Milnor theorem therefore implies that Ω(W1 ⋊ ΩW2) ≃
∏
iΩP
ni(psi) with a ≤ s ≤ b− 1.
By [N3], the pr+1-power map on Ω2Pm(pr) is null homotopic for any r ≥ 1 and m ≥ 3. Thus
Pm(pr) admits no nontrivial maps which are divisible by pr+1. In our case, this implies that
∏
i ΩP
ni(psi) admits no nontrivial maps which are divisible by pb. Thus the adjoint of f , which
is divisible by pb, is trivial on Ω(W1 ⋊ ΩW2) and so factors through the inclusion ΩW2 −→ ΩW .
Hence, adjointing, f factors through the inclusion W2 −→W , proving part (a).
For part (b), since W2 ∈ W
b
b and W2 is (d − 1)-connected, the Hilton-Milnor theorem implies
that ΩW2 =
∏
ΩPni(pb) where ni > d. By [CMN1, N3], P
2m+1(pr) admits no nontrivial maps
which are divisible by pr from a CW -complex of dimension t < 2mp, and P 2m(pb)) admits no
nontrivial maps which are divisible by pr from a CW -complex of dimension t < 2(2m − 1)p. In
our case, the CW -complex is P k(pt), the domain of f , and the target Moore spaces are the Pni(pb)
in the decomposition of ΩW2. Since ni > d for each i, the hypothesis k < pd guarantees that the
component of f on Pni(pb), being divisible by pb, is null homotopic. Hence f is null homotopic. 
Theorem 4.3. For each k ≥ 0 there are spaces Gk and Wk ∈ W
r+k−1
r satisfying the following
conditions:
(a) ΣT 2np
k−2 ≃ Gk−1 ∨Wk;
(b) there are maps gk : T
2npk−2 −→ ΩGk−1 and hk−1 : ΩGk−1 −→ T such that hk−1gk is
homotopic to the inclusion of T 2np
k−2 into T ;
(c) there is a homotopy commutative diagram of cofibration sequences which defines Gk
P 2np
k
(pr+k)
mk
//
ΣT 2np
k−2 //
g˜k

ΣT 2np
k
g′k

P 2np
k
(pr+k)
αk
// Gk−1 // Gk
where g˜k is the adjoint of gk;
(d) there is a map e : P 2np
k
(pr+k−1) ∨ P 2np
k+1(pr+k−1) −→ ΣT 2np
k
which induces an epimor-
phism in mod-p cohomology;
(e) the map mk : P
2npk(pr+k) −→ ΣT 2np
k−2 is divisible by pr+k−1;
(f) there is a map ϕk : Gk −→ S
2n+1{pr} extending ϕk−1;
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(g) ΣGk ∈ W
r+k
r ;
(h) there is a homotopy commutative diagram of fibration sequences
ΩGk
hk
// T //

Rk //

Gk
ΩS2n+1{pr} //
H

Ek //
νk

Gk // S2n+1{pr}
BWn BWn;
(i) Σ2ΩGk−1 ∈ W
r+k−1
r ;
(j) the equivalence in (a) extends to an equivalence ΣT 2np
k
≃ Gk ∨Wk;
(k) Σ2T 2np
k
∈ Wr+kr ;
(l) Gk ∧ T
2npk ∈ Wr+kr ;
(m) ΣT 2np
k
∧ T 2np
k
∈ Wr+kr ;
(n) there is a map µk : T
2npk × T −→ T which is the inclusion on the first axis and the identity
on the second. Furthermore there is a homotopy commutative square
T 2np
k
× T
µk
//

T

ΩS2n+1 × ΩS2n+1 // ΩS2n+1.
Proof. With G−1 = ∗ and G0 = P
2n+1 these statements are all immediate for k = 0 with
ϕ0 : P
2n+1 −→ S2n+1{pr} the inclusion, E0 = E from Theorem 3.6, ν0 = ν
E , µ0 : P
2n × T −→ T
obtained from the action of ΩP 2n+1 on T defined by the fibration in Theorem 3.6. We now supposed
that (a)–(n) are all valid with k − 1 in the place of k and we proceed to prove them for k.
Proof of (a). We will construct a map
fm : P
2mn+1(pr+s) −→ ΣT 2np
k−2
which induces a monomorphism in mod-p homology for each m satisfying pk−1 < m < pk, where
s = νp(m). We then assemble these into a map
ΣT 2np
k−1
∨


pk−1∨
m=pk−1+1
P 2mn+1(pr+s)

 −→ ΣT 2npk−2
which induces an isomorphism in mod-p homology. By applying (j) in the case k − 1 we are done.
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To construct the maps fm we appeal to (n) in the case k−1 and iterate this to produce a diagram
with p factors
T 2np
k−1
× · · · × T 2np
k−1 //

T 2np
k

J(S2n)pk−1 × · · · × J(S
2n)pk−1 // J(S
2n)pk
where J(S2n)j is the 2nj skeleton of ΩS
2n+1. Since pk−1 < m < pk,we can write m = asp
s + · · ·+
ak−1p
k−1 with as > 0 and ak−1 > 0. Write l = asp
s + · · ·+ ak−2p
k−2 so that m = l+ ak−1p
k−1 and
further restrict the above diagram to one with ak−1 + 1 factors
T 2nl × T 2np
k−1
× · · · × T 2np
k−1
µ
//

T 2nm

J(S2n)l × J(S
2n)pk−1 × · · · × J(S
2n)pk−1 // J(S
2n)m.
By applying the maps in this diagram to a generator of H2mn(J(S2n)m;Z/p) we see that
(µ)∗ (v(m)) = v(l)⊗ vk−1 ⊗ · · · ⊗ vk−1.
Now v(m) = β(r+s)u(m) and v(l) = β(r+s)u(l), so
v(l)⊗ vk−1 ⊗ · · · ⊗ vk−1 = β
(r+s) (u(l)⊗ vk−1 ⊗ · · · ⊗ vk−1) .
Applying (k) and (l) in case k − 1 we see that
Σ
(
T 2nl × T 2np
k−1
× · · · × T 2np
k−1
)
∈ Wr+k−1r .
Now given any space W ∈ Wr+k−1r and any class ξ ∈ H
i(W ;Z/p) with β(j)ξ 6= 0, there is a map
fξ : P
i+1(pj) −→W
with f∗ξ an epimorphism. Thus for each m satisfying p
k−1 < m < pk we may choose such a map
corresponding to ξ = u(l)⊗ vk−1 ⊗ · · · ⊗ vk. The composition
Pm(pr+s)
fξ
−→ Σ
(
T 2nl × T 2np
k−1
× · · · × T 2np
k−1
)
Σµ
−→ ΣT 2mn
therefore gives the desired map fm.
Proof of (b). From part (a) we obtain a map T 2np
k−2 −→ ΩGk−1 which induces an isomorphism
in π2n−1( ). The composition
T 2np
k−2 −→ ΩGk−1
hk−1
−→ T
factors through T 2np
k−2 and provides a self map of T 2np
k−2 which induces an isomorphism on π2n−1( ).
Calculations with cup products and Bocksteins show that this map is a homotopy equivalence, so
composing with the inverse provides a possibly different map
gk : T
2npk−2 −→ ΩGk−1
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such that hk−1gk is homotopic to the inclusion.
Proof of (c). Using the map gk from (b) we construct a commutative diagram where the bottom
row is the fibration sequence from (h) in case k − 1 and the middle row is a cofibration sequence
T 2np
k
/T 2np
k−2

P 2np
k
(pr+k)

T 2np
k−2 //
gk

T // T/T 2np
k−2 //

ΣT 2np
k−2
g˜k

ΩGk−1
hk−1
// T // Rk−1 // Gk−1.
Define αk : P
2npk(pr+k) −→ Gk−1 as the vertical composition on the right. Define g
′
k by the diagram
of cofibration sequences
P 2np
k
(pr+k)
mk
//
ΣT 2np
k−2 //
g˜k

ΣT 2np
k
g′k

P 2np
k
(pr+k)
αk
// Gk−1 // Gk.
Proof of (d). As in part (a), we consider the diagram:
T 2np
k−1
× · · · × T 2np
k−1
µ˜
//

T 2np
k

J(S2n)pk−1 × · · · × J(S
2n)pk−1 // J(S
2n)pk
with p factors on the left. This is defined by iterated application of part (n) in case k − 1. Clearly
µ˜∗(vk) = vk−1 ⊗ · · · ⊗ vk−1 = β
(r+k−1)(uvp−11 . . . v
p−1
k−2 ⊗ vk−1 ⊗ · · · ⊗ vk−1).
As before there is a map
q : P 2np
k+1(pr+k−1) −→ Σ
(
T 2np
k−1
× · · · × T 2np
k−1
)
such that (Σ(µ˜)q)∗ is an epimorphism in Z/p cohomology obtained by applying (k) and (m) in
case k − 1. Similarly, vk = β
(r+k)uk and
(µ˜)∗uk =
∑
p terms
vk−1 ⊗ · · · ⊗ vk−1 ⊗ uk−1 ⊗ vk−1 · · · ⊗ vk−1.
In particular, the map
T 2np
k−1−1 × T 2np
k−1
× · · · × T 2np
k−1 µ˜′
−→ T 2np
k
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has the property that
(µ˜′)
∗
(uk) = uk−1 ⊗ vk−1 ⊗ · · · ⊗ vk−1
= β(r+k−1) (uk−1 ⊗ uk−1 ⊗ vk ⊗ · · · ⊗ vk) .
It follows, as before, that there is a map
r : P 2np
k
(pr+k−1) −→ Σ
(
T 2np
k−1−1 × T 2np
k−1
× · · · × T 2np
k−1
)
such that (Σ(µ˜′)r)∗ is an epimorphism in Z/p cohomology. We construct e as the wedge sum
e = (Σµ˜′)r ∨ (Σµ˜)q : P 2np
k
(pr+k−1) ∨ P 2np
k+1(pr+k−1) −→ ΣT 2np
k
.
Proof of (e). We apply Lemma 3.2 with x = e, s = r + k − 1, X = ΣT 2np
k−2, M = P 2np
k−1(pr+k),
and f = mk : ΣM −→ X . In this case A = P
2npk−1(pr+k−1) ∨ P 2np
k
(pr+k−1), which is the cofiber
of pr+k−1 on M = P 2np
k−1
(
pr+k
)
. It follows that mk is divisible by p
r+k−1.
Proof of (f). To show that there is an extension of ϕk−1 to ϕk,
P 2np
k
(pr+k)
αk
// Gk−1 //
ϕk−1

Gk = Gk−1 ∪αk CP
2npk(pr+k)
ϕk
uukkk
kk
kk
kk
kk
kk
k
S2n+1{pr}
it suffices to show that αk is divisible by p
r. This holds by (e) since r + k − 1 ≥ r.
Proof of (g). By part (g) for k − 1, there is a homotopy equivalence SGk−1 ≃
k−1∨
i=0
P 2np
i+2
(
pr+i
)
.
Also, by definition, SGk = SGk−1 ∪Sαk CP
2npk
(
pr+k
)
. By part (e) αk = α˜ ◦
(
pr+k−1ι
)
so Sαk =
α˜ ◦
(
pr+k−1ι
)
∼
(
pr+k−1ι
)
◦ α˜. However
pr+k−1ι :
k−1∨
i=0
P 2np
i+2
(
pr+i
)
−→
k−1∨
i=0
P 2np
i+2
(
pr+i
)
is null homotopic since the order of the identity map on a mod-pr Moore space is pr.
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Proof of (h). As we have constructed ϕk : Gk −→ S
2n+1{pr} in part (f), we have a pullback diagram
of principal fibrations
ΩS2n+1{pr}

ΩS2n+1{pr}

Ek−1 //

Ek

Gk−1 //
ϕk−1

Gk
ϕk

S2n+1{pr} S2n+1{pr}.
We wish to apply Theorem 2.3 to extend νk−1 : Ek−1 −→ BWn to Ek. It suffices to show that there
is a lifting δ of αk,
Ek−1

P 2np
k
(pr+k)
αk
//
δ
99ssssssssss
Gk−1
which is divisible by p. Since αk ∼ p
r+k−1α˜, it follows that prα˜ lifts to a map δ′ : P 2np
k
(pr+k) −→
Ek−1 with p
k−1δ′ = δ a lifting of αk. Thus as long as k > 1 we can construct δ with the
requisite property. When k = 1, we appeal to [CMN1] where it is shown that α1 = pδ1 with
δ1 : P
2np(pr+1) −→ P 2n+1(pr) lifting to E0.
Proof of (i). By part (j) in case k−1, Σ2ΩGk−1 is a retract of Σ
2ΩΣT 2np
k−1
. The latter space splits
since the loop space can be approximated by the James construction [J], giving
Σ2ΩΣT 2np
k−1
≃ Σ2

∨
i≥1
(T 2np
k−1
)(i)


which is in Wr+k−1r by (k) and (l) in case k − 1. Since W
r+k−1
r is closed under retracts we are
done.
Proof of (j). By part (a), we have ΣT 2np
k−2 ≃ Gk−1 ∨Wk and by (e), we have
ΣT 2np
k
≃
(
ΣT 2np
k−2
)
∪mk CP
2npk(pr+k)
with mk divisible by p
r+k−1. It suffices to show that the map
mk : P
2npk(pr+k) −→ ΣT 2np
k
−2 ≃ Gk−1 ∨Wk
factors though Gk−1. To this end, observe that there is a homotopy decomposition
Ω (Gk−1 ∨Wk) ≃ ΩGk−1 × Ω (Wk ⋊ ΩGk−1) .
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We will show that any map P 2np
k
(pr+k) −→ Wk ⋊ ΩGk−1 which is divisible by p
r+k−1 is null
homotopic. Since Wk is (4n − 1)-connected, the Moore spaces in Wk are double suspensions, so
Wk ⋊ΩGk−1 ∈ W
r+k−1
r . In fact, Wk ⋊ ΩGk−1 ≃W1 ∨W2 with W1 ∈ W
r+k−2
r and W2 a retract of
p−1∨
r=2
P 2np
k−1+1(pr+k−1)⋊ ΩGk−1
which is 4npk−1 − 1 connected. The result follows from Lemma 4.2.
Proof of (k). This follows immediately from (g) and (j).
Proof of (l). This follows from 3 steps based on an analysis which first appeared in [T1].
Step 1: Gk ∧ T
2npk−1 ∈ Wr+k−1r .
Consider the cofibration sequence
P 2np
k
(pr+k) ∧ T 2np
k−1 αk∧1−−−−→ Gk−1 ∧ T
2npk−1 −−−−→ Gk ∧ T
2npk−1 .
We have P 2np
k
(pr+k)∧T 2np
k−1
∈ Wr+k−1r and αk∧1 is divisible by p
r+k−1. Consequently, αk∧1 ∼ ∗
and so there is a homotopy decomposition
Gk ∧ T
2npk−1 ≃ (Gk−1 ∧ T
2npk−1) ∨ (P 2np
k+1(pr+k) ∧ T 2np
k−1
)
which is in Wr+k−1r by (k) in case k − 1.
Step 2: Gk−1 ∧ T
2npk ∈ Wr+k−1r .
By (j) in case k − 1, Gk−1 ∧ T
2npk is a retract of ΣT 2np
k−1
∧ T 2np
k
. But
ΣT 2np
k−1
∧ T 2np
k
≃ T 2np
k−1
∧ ΣT 2np
k
≃ T 2np
k−1
∧ (Gk ∨Wk)
by (j). By Step 1 and (k) in case k− 1, the latter space is in Wr+k−1r . Since W
r+k−1
r is closed under
retracts, we therefore have Gk−1 ∧ T
2npk ∈ Wr+k−1r .
Step 3: Gk ∧ T
2npk ∈ Wr+kr .
Consider here the cofibration sequence
P 2np
k
(pr+k) ∧ T 2np
k αk∧1−−−−→ Gk−1 ∧ T
2npk −−−−→ Gk ∧ T
2npk .
The first space is in Wr+kr by (k) and the second is in W
r+k−1
r by Step 2. In fact, Gk−1 ∧ T
2npk ≃
(P 2np
k−1+1(pr+k−1) ∧ T 2np
k
) ∨W ′ with W ′ ∈ Wr+k−2r . Here, the projection onto the first factor
is ρk−1 ∧ 1, where ρk−1 is obtained by collapsing Gk−2 to a point. Applying Lemma 4.2(b), we see
that if αk ∧ 1 is nontrivial, so is the composition
P 2np
k
(pr+k) ∧ T 2np
k αk∧1−−−−→ Gk−1 ∧ T
2npk ρk−1∧1−−−−→ P 2np
k−1
(pr+k−1) ∧ T 2np
k
.
We will show that this composition is null homotopic. Let δ = ρk−1αk, which is divisible by p
r+k−1
because αk is. According to [N1], the p
r+k−1-power map on S2np
k−1+1{pr+k−1} is null homotopic.
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Therefore the composition
P 2np
k
(pr+k)
δ
−→ P 2np
k−1+1(pr+k−1) −→ S2np
k−1+1{pr+k−1}
is null homotopic. It follows that the composition
P 2np
k
(pr+k)
δ
−→ P 2np
k−1+1(pr+k−1)
ρ
−→ S2np
k−1+1
is null homotopic. Since the map
P 2np
k−1+1(pr+k) ∧ T 2np
k ρ∧1
−−−−→ S2np
k−1+1 ∧ T 2np
k
has a left homotopy inverse, the map
P 2np
k
(pr+k) ∧ T 2np
k δ∧1
−−−−→ P 2np
k−1+1(pr+k) ∧ T 2np
k
is null homotopic. Since αk ∧ 1 is the composition
P 2np
k
(pr+k) ∧ T 2np
k α∧1
−−−−→ Gk−1 ∧ T
2npk δ∧1−−−−→ P 2np
k−1+1(pr+k) ∧ T 2np
k
,
it is null homotopic as well. Consequently, there is a homotopy decomposition
Gk ∧ T
2npk ≃ (Gk−1 ∧ T
2npk) ∨ (P 2np
k+1(pr+k) ∧ T 2np
k
).
Both terms on the right are in Wr+kr by (k) and Step 2.
Proof of (m). By (j), ΣT 2np
k
∧ T 2np
k
≃ (Gk ∨Wk)∧ T
2npk . By (l), Gk ∧ T
2npk ∈ Wr+kr , and as Wk
is a wedge of Moore spaces which are at least (4n−1)-connected, it is a double suspension, so by (k)
we have Wk ∧ T
2npk ∈ Wr+kr . Thus ΣT
2npk ∧ T 2np
k
∈ Wr+kr .
Proof of (n). Since the composite Rk −→ Ek −→ Gk −→ S
2n+1{pr} −→ S2n+1 is null homotopic
by (h), there is a commutative diagram of principal fibrations:
ΩGk //
hk

ΩS2n+1
T //

ΩS2n+1

Rk //

PS2n+1

Gk // S2n+1
where PS2n+1 is the path space on S2n+1. Consequently the actions are compatible
ΩGk × T //

ΩS2n+1 × ΩS2n+1

T // ΩS2n+1.
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Using (j) we construct a map gk : T
2npk −→ ΩGk such that the composition
T 2np
k gk
−→ ΩGk
hk−→ T
is homotopic to the inclusion as in (b). This gives a homotopy commutative diagram
T 2np
k
× T
gk×1
//
µk

ΩGk × T
a

T T.
Combining the preceeding two diagrams gives the result and completes the induction. 
We now consider the limiting case. Write G =
⋃
Gk, R =
⋃
Rk and E∞ =
⋃
Ek.
Theorem 4.4. There is a diagram of fibration sequences
ΩG
h
// T
i
//
E

R //

G
ΩS2n+1{pr} //
H

E∞ //

G
ϕ
// S2n+1{pr}
BWn BWn
and there are maps g˜ : T −→ ΩG and f : G −→ ΣT such that the composites
G
f
−→ ΣT
g
−→ G
T
g˜
−→ ΩG
h
−→ T
are homotopic to the identity maps.
Proof. The diagram is the direct limit of the diagrams in Theorem 4.3 (h) with h = lim
→
hk, g = lim
→
gk
and f = lim
→
fk, where fk : Gk −→ ΣT
2npk is a right inverse for gk given by Theorem 4.3 (j). 
Theorem 4.5. The following space belong to W∞r : Σ
2ΩG, ΣG, G ∧ T , ΣT ∧ T , and W where
ΣT ≃ G ∨W .
Proof. This follows immediately from the results in Theorem 4.3 by taking limits. 
The retraction of T off ΩG in Theorem 4.4 induces an H-structure on T by the composite
m : T × T
g˜×g˜
−→ ΩG× ΩG −→ ΩG
h
−→ T.
The following proposition establishes the H-fibration property in Theorem 1.1 (a) as a consequence
of a slightly stronger result.
Proposition 4.6. The map T
E
−→ ΩS2n+1{pr} is an H map with respect to the H-space structure
m on T . Consequently, there is an H-fibration sequence S2n−1 −→ T −→ ΩS2n+1.
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Proof. Filling in the fibration diagram in Theorem 4.4 on the right, we obtain a homotopy commu-
tative square
ΩG
h
// T
E

ΩG
Ωϕ
// ΩS2n+1{pr}.
Now consider the following diagram
T × T
g˜×g˜
//
E×E ))RR
RR
RR
RR
RR
RR
RR
ΩG× ΩG //
Ωϕ×Ωϕ

ΩG
h
//
Ωϕ

T
E
yytt
tt
tt
tt
tt
ΩS2n+1{pr} × ΩS2n+1{pr} // ΩS2n+1{pr}.
The middle square commutes as Ωϕ is an H-map and we have just seen that the right triangle
commutes. The left triangle commutes since ϕ ∼ Eh, so ϕg˜ ∼ E. As the top row is the definition
of the multiplication m on T , the commutativity of the diagram implies that E is an H-map.
Consequently, the composition T
E
−→ ΩS2n+1{pr} −→ ΩS2n+1 is an H-map as it is a composite
ofH-maps, and so the homotopy fibration S2n−1 −→ T −→ ΩS2n+1 is of H-spaces and H-maps. 
The next proposition and the following corollary give structural properties of the spaces T , G,
and R.
Proposition 4.7. The spaces T and G are atomic.
Proof. It is easy to see that T is atomic using the product structure and the Bockstein relations. The
case of G is more difficult. We first show that if G is not atomic then the map P 2np
k
(pr+k)
αk−→ Gk−1
is null homotopic for some k. Suppose γ : G −→ G is a map with the property that γ|Gk−1 : Gk−1 −→
Gk−1 is a homotopy equivalence and αk has order p. Consider the diagram
P 2np
k
(pr+k)
αk
//
d

Gk−1 //
γ

Gk
γ

P 2np
k
(pr+k)
αk
// Gk−1 // Gk.
Since γ|Gk−1 : Gk−1 −→ Gk−1 is an equivalence, γαk has the same order as αk. Consequently d 6≡ 0
(mod p) and hence d is an equivalence. It follows that γ|Gk : Gk −→ Gk is an equivalence.
Suppose now that αk ∼ ∗. Then we can construct a map
s : P 2np
k+1(pr+k) −→ Gk
which induces an isomorphism in H2np
k+1( ). We now show that the composite
H2np
k
(T )
h∗k−→ H2np
k
(ΩGk)
(Ωs)∗
−→ H2np
k
(ΩP 2np
k+1(pr+k))
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is an isomorphism. First we note that the image of (hk)
∗ is a direct summand since gk+1 :
T 2np
k+1−2 −→ ΩGk induces a left inverse in cohomology. However, there is an isomorphism
H2np
k
(ΩGk) ∼= H
2npk(ΩGk−1)⊕H
2npk(ΩP 2np
k+1(pr+k))
since the inclusion Gk−1 ∨P
2npk+1(pr+k) −→ Gk−1×P
2npk+1(pr+k) is an equivalence in this range.
However, H2np
k
(ΩGk−1) contains no elements of order p
r+k since Σ2ΩGk−1 ∈ W
r+k−1
r by Theo-
rem 4.3 (i). We conclude that the composition is an isomorphism. Now apply cellular approximation
to obtain a homotopy commutative diagram
P 2np
k
(pr+k)
s′
//
E

T 2np
k

ΩP 2np
k+1(pr+k)
Ωs
// ΩGk // T
where E is the suspension and s′ is a skeletal factorization. It follows that s′ induces an isomorphism
in H2np
k
( ) = Z/pr+k. From this we see that
H2npk−1(P
2npk(pr+k) : Z/p)
(s′)∗
−→ H2npk−1(T ;Z/p)
induces an isomorphism as well because of the Bockstein structure. However H2npk−1(T ;Z/p) is
generated by uk which is decomposable if k > 0. This is a contradiction which implies that αk is
essential and G is atomic. The fact that G and T are atomic and the maps f , g, h exist implies that
(G, T ) is a corresponding pair in the sense of [G7]. 
Corollary 4.8. R ∈ W∞r .
Proof. According to [G7, Theorem 3.2], R is a retract of ΣT ∧ T ∈ W∞r . 
The next proposition implies that the space T constructed in this paper is homotopy equivalent
to the space Anick constructed in [A] when p ≥ 5 (the primes for which Anick’s construction holds).
Proposition 4.9. Suppose X is an H space and there is a fibration sequence:
Ω2S2n+1
ϕ
−→ S2n−1
i
−→ X
such that the composite
Ω2S2n+1
ϕ
−→ S2n−1
E2
−→ Ω2S2n+1
is homotopic to the pr power map. Then X ≃ T .
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Proof. Consider the diagram of fibrations
ΩWn //

ΩX //

Ω2S2n+1{pr}

PWn //

Ω2S2n+1
ϕ

Ω2S2n+1
pr

Wn // S2n−1
E2
//

Ω2S2n+1
X.
Since p · π∗(Wn) = 0 and p
r · π∗
(
S2n+1{pr}
)
= 0 we conclude that pr+1 · π∗(X) = 0. Since
π2np−1(Wn) = 0, we also see that p
r · π2np−1(X) = 0. According to [AG, Corollary 4.2] this is
sufficient to construct a map
ϕ : G −→ ΣX
which induces an isomorphism in π2n. The construction given in [AG] depends only on the co-H
space structure on G and the fact that αk is divisible by p
r+k−1, so the proof works in this context
as well. From this we construct the composition
T
g
−→ ΩG
Ωϕ
−→ ΩΣX −→ X.
It is an easy calculation with the Serre spectral sequence that H∗(X ;Z/p) ∼= H∗(T ;Z/p), so this
map is a homotopy equivalence. 
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